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Abstract. We analyze a connection between the neutralino mass sign, parity and structure of the neutralino—
boson interaction. Correct calculation of spin-dependent and spin-independent contributions to neutralino—
nuclear scattering should consider this connection. A convenient diagonalization procedure, based on the
exponential parametrization of unitary matrix, is suggested.
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1 Introduction

Superpartners of gauge and Higgs fields play an import-
ant role in SUSY phenomenology. In particular, neutralino
dark matter (DM) in the SUSY framework was consid-
ered in detail (see, for example, [1-7]), and these inves-
tigations were adapted to astrophysics. So, an analysis of
the neutralino system and the structure of gauge bosons
interaction with the neutralino and chargino is import-
ant for the DM description and the study of astrophysical
data.

In many phenomenological works both the neutralino
mass spectrum and the structure of states follow from
the formal diagonalization of the neutralino mass form
by an orthogonal (real) matrix [1,8-11]. Such a pro-
cedure does not consider some important features of
the structure of the Majorana states, related with the
sign of the mass. These features are connected with the
structure of the neutralino—boson interactions which, in
turn, defines the peculiarity of the neutralino—nucleon
scattering.

The most complete and comprehensive analysis of the
neutralino system has been performed in [13—17]. In this
work, the diagonalization of the neutralino mass matrix is
considered in detail in the MSSM and some of its exten-
sions. Special attention was paid to the building of neu-
tralino states with positive masses. However, due to the
complexity of the general diagonalization formalism it is
difficult to trace a link between the sign of mass and the
structure of the neutralino—nucleon interactions.

In this paper, we analyze the features of the neu-
tralino structure and interactions which are directly re-
lated with the sign of mass. We consider the simplest
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case when this connection is transparent and convenient
for illustration. In the second section we compare two
ways of the diagonalization — by orthogonal and unitary
diagonalyzing matrices. These two variants lead to neu-
tralino states with opposite and equal signs of masses.
They are formally equivalent and related by a field redef-
inition (see Sect.2). But the negative mass of the neu-
tralino (as it occurs for the first case), has to be taken
into consideration in the consequent calculations. Disre-
garding this important feature, it is possible to get an
incorrect conclusion on the spin-dependent (SD) and spin-
independent (SI) contributions into the neutralino—nuclear
cross section [10].

Redefinition of the field reveals a link between the sign
of the mass and transformation properties of Majorana
spinors with respect to inversion (i.e. parity). An analo-
gous connection between the sign of the mass and parity
was revealed for the case of massive Majorana neutrino
in [18,19]. In Sect. 3, we present the compact Lagrangian
of the boson—neutralino—chargino interaction in terms of a
redefined field, which is convenient for phenomenological
applications.

In the fourth section, we consider the neutralino mass
matrix diagonalization by means of a unitary matrix giv-
ing all positive masses. Thus, the standard calculation
rules can be kept unchanged, and there is no need to
check the sign of the mass or redefine the field. A con-
venient diagonalization procedure based on the exponen-
tial parametrization of the unitary matrix is discussed.
This procedure is formalized in a perturbative calcula-
tion scheme analogous to [12]. However, our scheme needs
a smaller number of input parameters and gives all expres-
sions in a quite compact form, which is useful for calcula-
tions. The method suggested is generalized for the case of
mass matrix with complex parameters (Appendix B).
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2 Neutralino parity and structure
of boson—neutralino interaction

Now we analyze the connection between the signs of the
neutralino mass and the structures of the neutralino-boson
interaction when Mz /My — 0 and M} is My, Ms or p.
In this limit, the analysis is simplified considerably, but
the results can be used in the general case too. This limit
is approximately realized in split SUSY scenarios [3] and
strictly takes place at high temperatures T' > Egw, when
the Higgs condensate is melted (the high symmetry phase).
For completeness, we give the well-known minimal formal-
ism that we need in the following analysis.

If the mixing of gauge and Higgs fermions is neglected,
the mass term of higgsino-like Majorana fields has the
Dirac form [20]:

1 _ _
My, =5 u(HYrHyy, + H3g Hiy) +h.c. (1)
This form can be represented by a (2 x 2)-mass matrix
which is known as the specific matrix with zero trace:

M, — (2 g) . 2)

There are two ways to diagonalize this matrix. The formal
procedure using the orthogonal matrix O5 leads to a spec-
trum with opposite signs:

0 1 /11
02TM202 = (g _u> ) 02 = 75 <1 _1) )

ma = (i, _ﬂ) ) (3)

where Tr{OTM>05} = Tr{M,} = 0 (trace conservation).
In this case, one of the Majorana fields has a negative mass,
regardless of the sign of . The matrix My can also be diag-
onalized by the unitary complex matrix Us, giving masses
with the same sign:

1 (1
UM, U, = (’g 2) U= (1 _1i> :
ma = (1, 1) - (4)

The diagonalization (4) is equivalent to the procedure (3)
with the redefinition x — iysx of the non-chiral (full)
field with m = —pu. The last transformation is equivalent
to xR, — *ixr, for the chiral components. Note that
there is an infinite set of unitary matrices Uy = Uy - Oy
which diagonalize the mass matrix My (see also [15], Ap-
pendix A.2):

1 [el?  iel? 0. — cos¢ —sing
V2 \e7i? —je7i¢ )" ¢~ \sing cos¢ /-
(5)

The additional Oz-symmetry (see Appendix B) leads to
a free parameter arising in the general case.

Dealing with the spinor field we should take into ac-
count the sign of its mass in the propagator and polar-
ization matrix or redefine the field with a negative mass.

Uy =
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As a rule this feature is not considered in phenomeno-
logical applications (see, for example, [8-11]). From the
redefinition x’ = iy5, it follows that the transformation
(relative to inversion) properties of Majorana fields hav-
ing opposite mass signs are different. As a result, we
have one usual Majorana field and one pseudo-Majorana
field.

The gaugino mass subform is of the standard Majo-
rana type [20] and has no specific features. The signs of the
masses for x; and x2 are defined by the signs of M; and
M> in the case of small mixing. They can be made pos-
itive by a redefinition. Note that the redefinition proced-
ure always influences the mixing terms of the mass matrix
and should be taken into account in the general case (see
Sect. 4).

Now we consider the connection between the structure
of the boson—neutralino interaction and the relative sign of
the neutralino masses. For simplicity, we show this connec-
tion in the pure higgsino approximation. The contribution
of terms caused by mixing is considered in the next sec-
tion. We here present a short comparative analysis of the
calculation rules in two cases: when the masses of x3 and
x4 have different signs (diagonalization (3)) and when they
have the same signs (diagonalization (4)). The initial La-
grangian is

1 _ _
Ling = §QZZ;L (Hy A" HYy, + Hogy" Hag) (6)
where gz = go/ cosfw. The diagonalizations (3) and (4)
lead to the following forms of neutralino—boson interac-
tions, respectively:

1 _
(1) Line = _§QZZMX3'YM'YSX£1 ;
1
2

In (7) the first case with opposite signs (u, —p) can be
transformed into the second case with the same signs (u, @)
by the redefinition iysx), = x4. Here we show that both La-
grangians in (7) lead to the same result without any field
redefinition if the negative sign of x/, mass is considered in
the calculations. In other words, both structures in (7) lead
to the parity-conserving vector interaction which gives the
spin-independent contribution to the neutralino—nucleon
scattering [21].

Let us consider, for example, the process of the scat-
tering x3q — Xx4q with ¢t-channel exchange of a Z-boson
(t> < M2). In both cases, the amplitudes of this process
are

(1) My~ x5 () v vsxs (p1) @ (k2)vulcq —v5)q ™ (k1)
(2) Mo ~xfP2)7"x5 (p1) T (k2)vuleg —vs)g™ (k1) ©

Formally, the amplitudes M; and M; have a different
structure. Therfore, one can draw a wrong conclusion
about the contributions to the spin-dependent and spin-
independent parts of the cross section, if the negative sign
of X/, mass has not been taken into account. However, tak-
ing into account the negative sign of x/ in the polarization

(2) Lint= 592ZuX37"Xa - (7)
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matrix allows one to get the same result for both cases.
If x is in an initial or final state, the polarization matrix
of the field x in MTM is defined by (for positive mass
my = p>0)

G )X ) = 55 n). )
or (for negative mass m,s = —pu)
> XF)XEP) = ﬁ(zﬁu)- (10)

With the help of (10), we get

MF My~ Tr {(P2 — )y 5 (Pr + 1)y ¥5 }

=Tr { (P2 + V" (Pr+ 1)V} - (11)

One can get the same expression for M7 My using the
standard definition (9) of the polarization matrix. This
feature should be included in an analysis of neutralino—
nucleon scattering. From the interaction Lagrangian only,
without consideration of the mass signs, we cannot draw
any valuable conclusions on the SD or SI contributions. In
particular, the bilinear structures xsy,xa4 and X37*Vsx4
are vectors, while Y37, X} and X3y*7ysxa are axial vectors.
Analogously, x3x4 and X37s5x4 are pseudoscalars, while
X375xy and Ysxa are scalars. Thus, the analysis of the
neutralino—nucleon interaction has to take into account
neutralino transformation properties. As a rule, in the
bulk of papers this feature has not been considered explic-
itly and mistaken conclusions can be obtained in calcu-
lations of the SD and SI contribution to the neutralino—
nucleon interaction. In particular, for the current structure
Xiv"vsXkZ, it is possible to obtain SD or SI neutralino—
nucleon cross sections depending on the neutralino relative
parity. For instance, in [10,22,23] the same current struc-
ture was considered without any comments on this import-
ant peculiarity. From our analysis, it follows that in the
case discussed, the neutralino—boson interaction gives the
main contribution to the spin-independent part of the cross
section [21].

An analogous feature is in order when X/ is in an in-
termediate state, for example, in the process x3Z — x) —
x3Z. The amplitude of the process is

.2

In (12) we use the propagator ~ (§ — i) for the field x} with
negative mass m,s = —u, whereas the standard propaga-
tor is ~ (§+ p). So, the mass sign being taken in account
leads to the same result for the amplitudes M7 and Mo,
where My describes the same process with redefined x4 in
an intermediate state.
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3 Gauge boson—neutralino—chargino
interactions

In this section, we give compact expressions for the La-
grangian of gauge boson—neutralino—chargino interactions
in the case of small mixing. These expressions are conve-
nient for calculations in cosmology. This Lagrangian fol-
lows from (A.14)—(A.16) as a result of the shift

i

2
1 -

+ §QIH;7MH;LBM

_ 1 - _
Lint = = g2€ape W P WW? — 591H1 Y*Hy, By,

1 _ L
+ EEDWJ (HYv*Hyy,+ Hf " Hyy, )
1 o _
+ ﬁgzwu (Hl ’YMH{)L“‘HS’Y#H;L)
1 _ L
Lo B B
+ HY"HYy, —Hzo’Y”HQOL)
1 - 1 -
- 591H?’YMH?LB;L + 591H§)’YMHSLB;L - (13)

Let us consider the case Mz < p, My 2, which can be
used in split SUSY models [2—4, 10]. The physical states of
the neutralino in the zeroth order of the mixing were de-
fined in Sect. 2, and the chargino states in Appendix B:

X1:W37 X2:B7 X3:(H§)+HS)/\/§7

s (HY — HY) /V/2;

H=—iys(Hy, + Hfg), W= (Wi+iWa)/V2. (
14)

In (14) we do not use charge sign notation for the Dirac
fields H and W (in contrast to W) in analogy to the stan-

dard model notation. From the structure of H in (14), it
follows that the components H;; and H;R correspond to
particle and anti-particle parts in a Weyl basis. Using the
definitions (14) we represent Liy in the form

T .1 N
Liny = g2W,/ (Xl’)’“W — 5 Xsv"H — §X47”H>

+92W,, (W'YMX1 +5HY X — §H’Y“X4)

— g2 COS@WzMﬁ/’Y“W— 2 COs 29WZMI_::’7M£’
2 cos O
ng _ = ~ = ~
92 7 HByy—eA MW —eA , Hy"H .
5 c0s Oy 2PX3Y Xa € wWAHW —eA Hry
(15)

The first order corrections to the Zy;xx interaction
caused by the mixing (see Appendix B) are

Wm__ 92 ,(_ img  _ img  _
X = 3 o8 Oy u( Ml_uxw X3+M2_u><2’)’ X3
mi _ M ms _ M
- + . (16
My WXt X 75X4> (16)
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where the my, are defined by (22) in the next section.
From (16), one can see that the interactions of xs and
Xa with x1,2 have a different structure. This effect is di-
rectly connected with different signs of the masses of the
non-redefined fields. Note also that the bino-like neutralino
X2 &~ B does not interact with gauge bosons in the zero
mixing approximation, but it interacts with the scalar
Higgs field and x3,4.

In the pure higgsino limit, x5 and x4 constitute the neu-
tral Dirac field H° = (x341ix4)/v2 and the part of (15)
can be represented in the form (here we omit the heavy
states W and x2)

1 =0 ~ 1 = ~
LR ==L W B v+ W, Hy A
g2
2 cos Ow
92
2 cos Ow

=0 ~
Z,H ~,H°

cos QOWZuIZJVHFI— eAHI:{'y”f{.
(17)

The Dirac representation (17) of the boson—neutralino—
chargino interactions involving a small mixing of the Higgs
fermion with the gauge ones is formal (unphysical) but is
convenient for our calculations. In this case, we avoid some
complications of the Feynman rules, caused by the Majo-
rana nature of x3 and x4 [24—26]. By direct calculation we
have checked that both ways lead to the same results for
the annihilation and co-annihilation cross sections [27].

4 Diagonalization of the neutralino mass
matrix by unitary matrix with exponential
parametrization

In this section, we consider diagonalization of the 4 x 4
mass matrix with real parameters p, My, Ms. Generaliza-
tion of the approach for a matrix with complex parameters
is considered in Appendix B. As follows from Sect. 2, the
sign 1 is not essential, and M; 2 can be made positive by
a redefinition of the gauge fermion. The neutral fermion
mass form follows from the SUSY Lagrangian ((A.15)
and (A.16)) after the shift

1 -
Ly, = —§(¢R)TM0¢L +h.c., (18)
where (¢)T = (B, W3, HY, HY) and

M1 0 —iMzsecﬁ iM28983

M, — 0 Mg iMZC@Cﬁ —iM26985
0= —iMz.SgC@ iMZcQCg 0 7’ ?

iMzsgsg —iMzgcosg W 0

(19)

where sg =siné and cg = cos 8. The matrix (19) differs
from the commonly used one by the presence of the imag-
inary unit in the mixing terms. One can go to a real tra-
ditional matrix M| by a redefinition H, = iysH,, where
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a=1,2. As a result we get the standard matrix follow-
ing from (19) under the formal transition iMz — Mz and
w — —p. However, implying our diagonalization procedure
there is no need to do this transformation [23].

It is convenient to analyze the diagonalization of the
matrix (19) with the help of the intermediate transform-
ation

M = UTMU;; Up= (1 0 ) : (20)

0 U,

Here 1 and 0 are the identity and zero (2 x 2)-matrices, and
U, is defined by (4) in the pure higgsino limit. Then the
intermediate mass matrix has the form

M1 0 —im1 meo
o 0 Ms img —my

M = —imy ims  p 0 ’ (21)

ma —My 0 M
where

mi = Mzsin0w(cosﬂ—sinﬁ)/\/§,

mg = My sin Oy (cos 4 sin 8)/V/2,

ms = My cos By (cos 8 —sin 8) /2,

my = My cos By (cos +sin 8) /2. (22)

Intermediate fields are defined by ¢ = Uj¢; that is,
(¢1)T = (B,W3,x%,x}), where x} and x) are defined
by (7). The use of the intermediate mass matrix provides
the positivity of the higgsino-like neutralino masses and
leads to the “quasidiagonal” structure of the matrix in the
case of small mixing.

The matrix (21) is symmetric and complex, but it is
not Hermitian. The spectrum of M is real and has a sim-
ple form. However, it is not a mass spectrum of the neu-
tralino, because the diagonalization of the neutralino mass
matrix UF M;U; = diag(my,) differs from the one defined
by UTM;U = diag(\g). In the last case, U is built of the
eigenvectors of M1 and the )\ are the eigenvalues of M.
According to Theorem 4.4.4 (Takagi expansion) from [28],
any complex symmetric matrix can be diagonalized by the
unitary matrix U:

UTMU* = diag(mk) , mp >0, (23)
where U is built from eigenvectors of the matrix A =
MM* with the spectrum {m3}, i.e. UTAU = diag(m3).
Consistency of the last relation and (23) is evident from the
equality

UTMU*(U*)"'M*U = diag(m3i), mj=ms. (24)

The method based on the Takagi theorem was con-
sidered in [12,15,29,30], where the standard way of the
determination of the spectrum is given. However, there
is no need to solve this complicated problem in the case
considered. Here we show that the spectrum of matrix
A= MIMI+ coincides with the squared spectrum of the
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traditional real mass matrix Mj. The spectrum of the ma-
trix A = M{M;" (M is defined by (21)) follows from the
solution of the characteristic equation det(A —A-1) =0,

M —aX3+ b2 —eA+d=0. (25)

The coefficients a, b, ¢, and d in (25) are expressed in terms
of the matrix elements of M as follows:

a= M7+ M3 +2p>+2M%;
b= M}M3+2M7 (u* + M cos” b )

+2M3 (1 + M sin? Ow)

+ 2M§u sin 2,8(M1 sin? Oy + My cos? HW)

+ (u2 + M%) 2 ;
c=2u?MEM3 + M} [(,u2 + M3 cos? 9w)2

+ 2M2M%,u cos? Oy sin 2ﬁ]

+ M3 [(uQ + M% sin? Hw)z +2M; M% i sin? Oy sin 23]

1

+ EMlMgMé sin? 20w

+2M 7 ® sin 23 (Mj sin® Ow + M cos® O )

+ u? M} sin? 2
d=pu*MIM3I+ M M3 (2uM, + M?% cos? Oy sin 20)

x cos? By sin 28

+ M3 > MZ (2uM; + M sin® Oy sin 23) sin® Oy sin 23

1

+5 MM, p2 M3 sin? 20y sin® 23 (26)
Analogous expressions are given in [12], where the algo-
rithm of the definition of the spectrum )y is considered. In
the general case, we can get exact expressions for the roots
A of (25) in terms of its general algebraic solutions. It is
difficult to analyze and compare such expressions, but we
can show that the roots of (25) are A, = m}, where my, is
the conventional neutralino spectrum. To show this, let us

write the characteristic equation, det(IMj —1-1) =0, in the
form (M, is the standard real mass matrix [30, 32, 33])

(M1 =)Mo= 1) (1 — p?)
+ MZ(1+ psin2B) (M cos® Oy + My sin® 6w — 1) =0.
(27)

Then we arrange the even and odd degrees of [ on the left
and right hand sides of this equation separately. Squar-
ing the equation and changing l,% — Mg, we get (25) with
coefficients (26). Moreover, by direct calculation we have
checked that the mass spectrum appearing as a result of
the diagonalization

UtTMU* = diag(ms) (28)
is entirely positive (see Appendix B).

With the help of the Takagi theorem it is possible to
illustrate the correct construction of the positive mass
spectrum. However, the above discussed method is not
convenient for calculations and can be used as the diago-
nalizability proof only: there is a unitary matrix with the
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property (23) or (28). The use of M gives a convenient
tool for the calculation of the spectrum and states when
My, M, pp and their differences are much greater than M.
The hierarchy of My, Ms and p is arbitrary, i.e. one can
apply the method suggested to the various scenarios of the
neutralino DM. In this case, the diagonalyzing matrix is
quasidiagonal, i.e. |Ugi| ~ 1 and |Uix| < 1, i # k. Then we
represent this matrix in the exponential form which con-
tains six angles and six phases as input parameters. A simi-
lar approach was considered in the general case in [12],
where six angle and ten phase parameters were applied.
Here we show that in the case of the mass matrix (21) it is
possible to use six phases only (see Appendix B):

ai 516_i¢1 526_i¢2 536_i¢3

U e a2 daeni dsenioo (29)
ree!®2 ryel®4 as Oge %6 |7
T‘3€1a3 7‘5e‘a5 T(;GlaG ayq

where ; and ¢ are input angle and phase parameters.
The values ag,r; and «a;, are some functions of the input
parameters which are defined by the unitary conditions
(UTU)ix = dik- In our case, |d;| < 1 and functions ag, r;
and oy, are easily determined by successive approximations
(Appendix B). Apparently, the diagonalization of the real
matrix demands the angle parameters only. Having used
the diagonalization conditions

UM U; = My = diag(m1,m2,ms,ms)  (30)
the input parameters §; and ¢y, can be determined from the
six independent equations (Mgq);x = 0, ¢ > k. So, there are
six conditions for the real and six ones for the imaginary
parts of matrix elements. Then the masses m, appear as
functions of the defined input parameters. As is shown in
Appendix B, the perturbative calculation scheme can eas-
ily be formalized.

The above discussed method of diagonalization is ap-
plied to the case of a mass matrix with complex parameters
Mye'¥1, Mye'¥2 and pe'¥r (see Appendix B). In this case,
we have to generalize (29) introducing additional phase
parameters according to aj — arelk. Thus, we have the
same quantity of parameters as in [12]. The functions ag, 7
and oy are determined in terms of the input parameters
Ok, & and &g using the unitary condition UTU = 1. The
input parameters are determined in terms of the mass
matrix elements if we use the diagonalization conditions
(UT™U);, =0, i # k and Im(UTMU),;; = 0. Note that in
this case the perturbative calculation scheme (as for the
real mass matrix) is in order also. However, the expressions
are more complicated and bulky, so we give the results in
the first approximation only (Appendix B).

Here we represent the mass spectrum and parameters of
the matrix U defined by (29), up to terms ~ m% /M2, a =
1,2 (Appendix B). The neutralino masses are

M2 sin? 9 .

oy = M+ (M4 psin25)
M2 cos? 6

Myy = My + 20— (M + psin 23)

M3 — p?
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M2Z(1—sin2p3)

My = 1+
@ = HT S0 + ) (Ma + 1)
X (M1 cos? Oy + Mo sin® 0w+u) ,
M?Z(1+sin203)
My, =1 2

2(My — p) (M2 — )
X (Ml cos? Ow + Mo sin? Oy — u) . (31)
From (31) one can see that m,, and m,, have the same
sign. The validity of the expressions (31) does not depend
on the hierarchy of M, and u. So one can use (31) in various
SUSY scenarios.

Another feature of the diagonalization is the presence
of a free parameter in the structure of neutralino states
(Appendix B). Evidently, this free parameter is a remain-
der of Oz-symmetry in the pure higgsino limit, and it does
not enter into expressions for the masses (the last asser-
tion is checked by direct calculation in the second order
approximation).

The structure of the neutralino chiral fields follows from
the transformations

¢L =Uxw, ¢r = (¢.)° =Uxr,
x.=U"1¢,=U%¢r, xr=(x1)"=Ul¢g,
where U = U, - U; and (¢)T = (B, W3, HY, HY). With the

help of (32) for the non-chiral neutralino field x = xL + xr,
we get

(32)

¢=ReU-iysImU)y, x=(ReUT+iysImUT)¢p.

(33)

In the first order of mixing (see Appendix B) the structure
of the neutralino fields is defined by the following expres-
sions

X1 %B+%<Mﬁu+ MTiﬂ)’%H{)
+%<Mﬁu - MTu)WHS’
= (MTiu i MTju>”5H9
- %(Mﬁu - MTiu>”5HS’
i i 1 1
ab i Vel Ly
L%Hf—i

mo B+ my
M- My—p 3 V2’

0
H27

X3 vsB

HY.
(34)

W3+

X4~

Thus, the imaginary part of the transformations con-
tains the factor corresponding to the redefinition x’ = iy5x
in the minimal diagonalization procedure. It was checked
by direct calculation up to the second order that the diag-
onalization of the real matrix M} with redefinition of the
field with negative mass gives the same results when the
free parameter is equal to zero (see Appendix B).

It is known that in a wide class of SUSY scenarios the
values of M7 2 and/or p are of the order of TeV and higher,
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so the coefficients in (34) are of the order of 107! or less.
Thus, the mixing terms give a contribution to the physical
values ~ 1%, so the expressions (34) can be used in practi-
cal calculations with a good accuracy.

5 Conclusion

It is known that the diagonalization of the neutralino mass
form by the orthogonal real matrix leads to the neutralino
mass spectrum with one negative mass. This has to be
taken into account in calculation rules or by a redefinition
of the field with negative mass. An alternative way is the
diagonalization by a unitary complex matrix which leads
to the mass spectrum with all positive masses. Formally,
both the ways are equivalent, but the second one is more
convenient, because it does not demand any modification
of the standard calculation rules.

In this work, we have considered the connection be-
tween the mass sign, the relative parity of the neutralino
states and the structure of the boson—neutralino interac-
tion. These features should be considered in the evalua-
tion of the ST and SD contribution to neutralino—nucleon
scattering. The suggested approach directly illustrates the
existence of one free parameter, generated by the specific
symmetry of the py-term. When this parameter is equal
to zero, both approaches give the same results. This was
strictly shown in our work for the mass spectrum and
states up to the second approximation.

We suggest a simple and convenient way of diagonaliza-
tion by a unitary matrix with the exponential parametriza-
tion. Having used this matrix, we get transparent per-
turbative formalization of the diagonalization procedure.
This method gives simple expressions, illustrating the neu-
tralino states structure and the form of the gauge boson—
neutralino interaction. These expressions can be used in
most of the SUSY scenarios with the accuracy ~ 1% or
higher.

Acknowledgements. We would like to thank O. Teryaev for
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91557.

Appendix A

To explicitly show the appearance of the imaginary unit
in the neutralino mass matrix and for consistency we give
here the minimal part of the SUSY Lagrangian and briefly
describe the transformation of the initial SUSY expres-
sions to the ones in terms of four-dimensional fields. All
definitions and calculations are in the notation of [31-
33]. We consider the electro-weak part of the MSSM La-
grangian

L=Lg+Lyu+ Lpy. (A1)
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In (A.1), the gauge term Lg has the standard form

1 N N
6= 7{WWa) gy (WalW)
+ (WeWE) o+ (WEWE) 5} (A.2)

where W, and W,, are U(1) gauge superfields and W2 and
WP are SU(2) gauge superfields. The Higgs term contains
two chiral superfields with hypercharges Y; o = £1,

LH = {H;— exp (glGl — ngg)Hl

+ Hy exp (—g1G1 — g2G2)Hz}gogs - (A.3)

The phenomenological part contains the so-called u-term
and gauge soft mass terms:

Lpn = p[(H1eHa2)og + (Hi eHy ) gg)

1 - 1
— 5Ml(bb +bb) — 5Mg(wawa + DaWya)
(A.4)
where € = iT. To define the notation of the components we

also present the expressions for the gauge superfields G
and G4 in Wess—Zumino gauge:

G =600 B, +160-05 160 -6b+ 166 -06-Dy
G5 = 000 Wy +160 5% —i00-0° + 06005
W@:—%DDDJ?, W@:—%DDDJ} (A.5)
The Higgs chiral superfields are

Hy=hy,+V20h +00-F,, Hy;=hq+\20hy+00-F,.

(A.6)
Thus, the particle content is
Gl:(Ble)a Gg:(WSawa)y
Hl :(huahl)a :(hdahQ)a (A7)
where
ho hY ht h
O A ) B AR V)
hy hi RS I
(A.8)

n (A.7) and (A.8) B W, by, ha are boson fields and
b,w®, h1, hy are two-component fermions.

Using the standard method from (A.1)—(A.4) we get
Lagrangians in terms of two-component fermions. The
gauge field Lagrangian is

1. . 1 L ympra
LGz_ZB” Bw,—|—1b0”3ub+§D%_ZW5 W

1
+ w0 (Opa + g2€abee W) + 5 D3 Daa
(A.9)
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where B, =0,B, —0,B, and W7, =90,W¢

—-0,Wy +
“bCWMbW,,C The Higgs ﬁeld Lagranglan is

Ly = iﬁlﬁ”aﬂhl + iﬁﬁ“@uhg
1 - 1 =
— §ngMh15'Mh1 + §ngMh25'Mh2

1 - 1 =
+ Englfhl&“rahl + 592Wﬁh25’”7'ah2

191 o+ 77 g1, ¢ hob
+ —=(hbh1 — h1bh,) — ==(h; bha — habh
\/5( 1—hibhy,) \/5( 4 bh2 — habha)
192 Gty — Fowha) = 292 (b why — hawha)
V2 V2
(A.10)
The phenomenological Lagrangian is
- 1 -
Lpn = —p(hiehg + hiehg) — §M1(bb+bb)
- %Mg(wawz +aw). (A.11)

n (A.9)-(A.11) all fermion fields are two-component
spinors. The transition to four-component Mayorana spin-
ors in a Weyl basis is defined by the following relations:

Xk = (q_bk) , ok =(b,w® b, ha);

Pk

XkL—(qz)k)» kR <¢—)0>7 XE = xr = Rx;

L= 1 ¥5) =<(1) ) 1(1+’)’5) (8 (1)>
(A.12)

With (A.12) we get

b5+ 0),,b = %BwaﬂB,
b1 Bh— BB, B— (Z) :
1.
w00 D0 = 5 W90, W + Div(W),

a
Wew® + @@ =W, W, W= (Lf > ;

wa
i
ngWGO'MeabcchS = 592Wa,quc€ach3 )
_ i _
ihﬁ”@uhl = iHl’y‘uaqu s
h16"hy = Hiy"Hi, heo"hs = Hoy" Hor;
h16"1ah1 = Hiy*7,Hiy,

B _ he
hoo*1ohy = Hoy 1o Hor,, Ho = (h“) ;

hbhy — hibh, = hf BHy1, — Hi,Bh.,

hybhy — hobhg = hf BHor, — Hor, Bha;
hfwhy — hi@hy, = hf W Hy, — Hi,Wh,
hfwhy — howhg = hTW Hor, — Hop, Whq ;

h16h2+FL16FL2 :.H1R€H2L+.H1L€H2R. (A.13)
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From (A.9)—(A.11) with the help of (A.12) and (A.13) we
obtain Lagrangians in terms of four-component spinors.
The gauge field Lagrangian is

1., i 1 1o
Lg = —ZB” BW+§BV”6,LB+§D5 - ng Wi,

i I7a c 1 a
+5W V(0. Wa + g2€arcWW}) + 503 D2
(A.14)

The Higgs fermion field Lagrangian is
i . . a
Ly = §H1'YM (8HH1 +ig1 B Hin —ig2 W), TaHlL)

i- . . a
+ §H2’)’“ (8uHa —ig1 By Hor, —igaW 7o Hov)

i ]
+ —=(h, BHi1, — Hi1.Bh,
\/5( 1L 1L )
— 9L (b} BHyy, — Har Bhy)
V2
- Ig—Q(thWHm — HiLWhy,)
V2
1g2 r —
— —=(hyWHy, — Hyy Why) . A.15
\/5( q WHor — Hop Why) (A.15)
The phenomenological Lagrangian is
1 _ 1 — a
LPh = —§M1BB— §M2WGW
— M(E1R€H2L + .E[1L€H2R). (A.16)

Appendix B

Here we consider a simple and easily formalized method of
the complex mass form diagonalization:

I N\T _ _
(¢r) Mg, +h.c.= (Yr) Ul M{Urx + h.c. = mixix; -
(B.1)

In (B.1) My is a symmetric complex matrix, gb{{’L are the
chiral components of the initial Majorana spinor fields aris-
ing after intermediate diagonalization (20), and x are the
final Majorana fields (neutralino):

(" = (B,W?, ¢, ¢})

The intermediate states ¢ and ¢} are defined by (7). We
suggest straightforward diagonalization of the form (B.1)
by the unitary matrix in the exponential parametriza-
tion. In the general case, the unitary matrix U(n X n) has
2n? —n? = n? parameters, where n? unitary conditions are
taken into account. For n = 4 we have 16 input parameters,
six angles and ten phases [12]. However, in the case of a
symmetric mass matrix with real M; » and g, this number
of parameters is excessive, so we suggest a unitary ma-
trix with six angle and six phase input parameters. These
12 parameters can be defined from 12 independent condi-
tions following from the symmetric matrix diagonalization

xT = (x1, X2, X3, x4) - (B.2)
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(UfM;U1);, =0, i >k (or i < k). It is convenient for the
analysis to use Uy in the exponential form [34, 35]:

al 61e_i¢1 626_i¢2 536_i¢3

Uy | e ez daeni drem 0 (B.3)
roel®2  p,el®4 as  Oge”i%6 ’
r3e!®3  rge'®s  rge'@s aq

In (B.3) 01—06 and ¢1—¢g are the angle and phase param-
eters, respectively. The quantities dx and ¢y are the input
parameters, while ag and rg, o, are some functions of the
input parameters which follow from the unitary condition
Utu=1:

a=(1-02-02-0)"", a=(1-62-02-r2)"?

as = (1_5g_7“§_7'i)1/27 ag = (1—7‘§—r§—r§)1/2,
a1r1e' % 4+ 81 et 4 §y5,el(92794) 4 §i5sei(¢9305) —
a1726'%2 4 81746 (¥4 F01) 4 35,6192 4 535561 (937%6) = (|
a17‘3€ia3 + 517,5ei(a5+¢1) + 52T66i(¢2+a6) + a45361¢3 —0,
173l (@370 4 gorsel®s 4 §yrgel(P4F6) g, 55el?s = 0,
r1r9e (27 4 gor,el® 4 ag6,e'% 4 55066 (P596) =0

ror3el(®3702) 4y poel(05704) 4 garael®s 4 5gel%0 = 0.
(B.4)

1/2

The Ansatz (B.3) is convenient for approximate calcula-
tions in the case of a quasidiagonal mass matrix, for in-
stance, My defined by (21). In the case considered, the
absolute values of the diagonal elements and the differences
are much greater than the off-diagonal ones (the equal-
ity of the third and fourth diagonal elements p in Mj is
compensated by off-diagonal zero). The diagonalyzing ma-
trix has a similar structure, i.e. the input parameters g
in (B.4) are small, §;, < 1 and ay, ~ 1. So, due to the small-
ness of parameters 0 ~ Mz /M,, where a = 1,2, one can
easily solve the system of equations (B.4) approximately.
The functions a,,r; and oy are determined from (B.4),
the input parameters J; and ¢ are defined by the condi-
tions (Uf MjUj);x =0, i > k. Hence, the diagonal elem-
ents (UFMIUI);C;C = my, give the masses in terms of known
quantities.

Finally, we have done the calculations up to the second
order ~ M2/M2 (or M%/u?) inclusively and get the ex-
pressions for the elements of the diagonalizing matrix (B.3)
(the hierarchy of M, and p is arbitrary). Such an approxi-
mation is reasonable for calculations within a wide class of
split SUSY models.

The input parameters are

Se—i¢1 — M2 sin 20w M+ psin2f3
2(M3 —p?) My—M,y
dre 192 = iMTln—|1—u , Sze i3 — _%:u 7
ae ™0t = _iMT—iu ;o GeTi = MT:iu ,
i i /mim msm
5661¢6:_E<M;—2+M23—Z> . (B.5)
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The diagonal elements ag are

1 m m
ay = 1—-- L 2 2 2|
2| (Mi+p)? (Mi—p)
w1 L[ m3 mj
T2 My (My—p)? |’
|(Ma+p)?  (Mz—p)
az=1-— L mi m3
ST (M) (My+p)? |’
[(My+p)? (Ma+p)
1 m3 m3
Sslon- T - 9
The off-diagonal elements are
rrei — mims mamy
(My +p)(Mz+p) (M — p)(Mz — )
M sin 20w (M + psin 23)
2(M3 —p2)(My— Ms)
roele2 = im; raeios = 12
? Mi+u’ ° My —
riel®t = — i rsei®s = — 14
My+p’ Mz —p
" e m1m2 msmy _ L mimso + msmy
T M- MG —p? 2u\Myi—p  My—p)"
(B.7)

n (B.5)—(B.7) we give the zero value to the free pa-
rameter 00 arising in the first order. It was checked in the
first approximation that the existence of the free parame-
ter 62 leads to the phase redefinition of the fields x3 and 4.
Having applied (B.5)—(B.7), we obtain expressions for the
neutralino masses (31):

(UITMIUI)kk

=myg, (B.8)

which are positive. We have checked also the unitary condi-
tion UI+ U;=1.

The structure of the neutralino chiral fields results from
the transformations

oL =Uxy,
=U"¢L

or = (¢1.)° =U*xr,

xr = (x1)° =UT¢r,
(B.9)

- U+¢L )

where U = U, -Uj, U, is defined by (4) and (¢)T =
(B,W3, HY, HY).

To illustrate the relation between the initial and phys-
ical fields we give transformations in the first order of
mixing:

B n imq mo
L ~ X1L M+ 4 X3L Ml_ﬂXALLa
’ITL my
W = xa1, — + ,
L ~ X2L M+ p X3L MQ_MX4L
1 mi mo
HY ~ — + )
1L \/§<M1+M My —p XL

1( ms N my
\/5 MQ""LL MQ—

1
X2L + —=X3L + —=X4L,
u) V2 \/5
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i mia mo
HY
2L ~ \/_(M1+M M, M>X1L
_;< my w) TV
\/5 Motp Ms—pi X2L ﬁXSL \/?Xu;
B.10

Transformation of the R-component can easily be found
from the relation yr = (x1.)¢. Inverse transformations il-
lustrate the neutralino structure:
i
— + HY
\/i(MhLu Ml_,u) H
my

_;( ms >H0
V2\ M +pu M — Lo
my
%WB—F—( + >H°
X2L L V2\My+p | My—p 1L

1 ms my 0
+— - HY;,,
\/§(M2+,u Mz-ﬂ) -

my ma2

X1L ~ Br, —

imq img 3 1 0 1 0

~— WP+ —Hy; +—=Ho ,
A VA My+p U7 T an
mo my 3 1 .4 i 0

~— + ZHO + _Ho
R VA I VA Y R Y

(B.11)

The transformation of the non-chiral Majorana field y =
XL+ XR is

¢=ReU-irsImU)y, x=(ReUT+iysImUT)¢.

(B.12)

In the first order of mixing from (B.12) it follows that

1ma mo
B%X1—M +M’Y5X3—M X
m my
w? NX2+M+ ’75X3+M X
0 i mi mao
i N_E(M1+M+M1—M)75X1
i ms my 1 i
+7§<M2+u+M2_M)’75X2+7§X3—ﬁ%m’
0. 1 ma mo
HQN_E(MNLAL_M _H)%m
i ms3 my 1
+\/_<M2+M M, M>75X2+\/—X3+\/—’Y5X4

(B.13)

The structure of non-chiral neutralino states is

mi ma 0
~B H
e (i e

1 mia mo 0
+—= - Hy,
\/§(M1+M Ml—/i>75 ?

i ms my
zW?’——( + ) HY
X2 2\ My +p " My—p )P
ms my

i
_ — HO
\/§(M2+u M2—M)Py5 2
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im1 im3 3 1
~+ B— —HY,
X3 M, +u’)’5 M+t \/— \/— 2
m2 myq 3 0
~— B+ W34+ —~sHY — —~sHY .
X4 My — Ms—p \/5’)’5 1 \/5’75 2

(B.14)

Thus, the imaginary part of the transformations contains
the factor corresponding to the redefinition x’' = iysx in
the intermediate diagonalization procedure. By direct cal-
culation (up to the second order) it was checked that the di-
agonalization of the real matrix M with redefinition of the
final field with negative mass gives the same results as in
our case with §0 = 0. Note that our formulae (B.10)—(B.14)
coincide with the corresponding ones from [12] if we rede-
fine the neutralino state with negative mass as x — iysx.
Now we generalize the method of diagonalization for
the case of a mass matrix with complex parameters
Miei¥1, Mye'¥2 and pe'¥+. Then we have to extend (B.3),
introducing additional phase parameters according to
ag — age'®k. The functions ag, 7, and ay, are determined in
terms of the input parameters dy, ¢5, and g by the unitary
condition UTU = 1. We represent them in the form

=(1-03-53-63)"",
as = (1-5—rf—r})"*
ayrpe (1 te) 4 g, el(@1-62)

+ 0204€'(92790) 4 §365e1(P3795) =,
alTQei(a2+$1) + 51r4ei(a4+¢1)

+ a302e'(?2783) 4 §.55e! (P37 %6) = ,
arrze(@3té) 4§ popi(este1)

+ Jargel(P2126) 4 g, 56l (P364) — ,
T1T2ei(a2—a1) + a2T4ei(0¢4+Ez)

+a30,e(?4783) 4 555l (P5—%6) = 7
i(as+£€2)

=(1-02—52-12)""?

?

, a4=(1—r3—r§—r6)1/2,

1) 4 agrse
+ 54T6ei(¢4+a6) + a455ei(¢5*£4) =0,
rorge (@3702) g g pi(@s—aa)

+azrge (@61€2) 4 g, 56el(P6—84) =,

Tngel(a3_

(B.15)

The set of input parameters 0y, ¢ and &g is deter-
mined in terms of the mass matrix elements utilizing
the diagonalization conditions (UTMU);;, =0, i # k and

In the first approximation from the second condition we
get 51 = 1/)1/2,52 = 1/)2/2 and §3 = 54 = 1/)#/2 From the first
condition in the same approximation we get

51:0 or ¢1=’¢J1/2, M1=M2;
—ma
09 =

———— [M? + p® — 2uM; cos(¢y + 9 1/2,
M12_M2|: 1 H)]

tan (¢2—ﬂ> :_%1;ZCOt (¢1‘|2'¢u> ;
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—m 1/2
85 = 2722[M12+u2+2uM1 cos(r +1,)] %,

oo _1/)_ M, — Mizp, M .
2 ) M +,U 2 7
0= z[M +p —2uM2c03(¢2+¢u)]1/2’

_ 1/’2"'7/}#
tan< 4 >— Mg—i-p,COt( 2 ;
1/2

55 = M2 [M2 12+ 2puMy cos(va +1,)]

Y2\ _ Ma—p Ya+vPu) .
tan <¢5—7> = M2+'utan <T'u> ;
d6=0 or ¢=(2+1pu)/4

(B.16)

All expressions for the input phases can be represented as
explicit functions, for example

M —p Y1+,
Mg cot (72 )) . (B

From (B.16) one can see that taking account of the com-
plex degrees of freedom in the mass matrix complicates
the calculations. However, the perturbation scheme of the
method is retained and can easily be formalized. It has to
be noted also that we use the same number of phases as in
the general method [12], and the question of optimization
of this number for a special kind of mass matrix is practi-
cally important.

P2 = % — arctan (
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